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OSCILLATOR VERSUS PREFUNDAMENTAL REPRESENTATIONS II.
ARBITRARY HIGHER RANKS
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KHAZRET S. NIROV, AND ALEXANDER V. RAZUMOV
ABSTRACT. We find the ℓ-weights and the ℓ-weight vectors for the highest ℓ-weight q-
oscillator representations of the positive Borel subalgebra of the quantum loop algebra
Uq(L(sll+1)) for arbitrary values of l. Having this, we establish the explicit relation-
ship between the q-oscillator and prefundamental representations. Our consideration
allows us to conclude that the prefundamental representations can be obtained by ten-
soring q-oscillator representations.
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1. INTRODUCTION
Within the framework of the group-theoretic approach to quantum integrable sys-
tems the role of the symmetry groups and algebras is played by the quantum group.
The corresponding notion was formulated by Drinfeld [1, 2] and Jimbo [3], both moti-
vated by the quantum inverse scattering method.
The modern development of the quantum group approach was mainly due to a se-
ries of remarkable papers [4–6] and [7], where the quantum versions of the KdV equa-
tion and the simplest boundary affine Toda field theory, respectively, were considered.
The key object here is the universal R-matrix formally introduced as an element of the
tensor product of two copies of the quantum group. It has become traditional to call
the representation used for the first factor of this tensor product the auxiliary space,
while treating the representation space of the second one as the quantum space. These
conventions can also be interchanged. Important feature of the method is that, by
choosing a representation of the quantum group in the auxiliary space, one fixes an
integrability object being either a monodromy- or a transfer-type operator, while sub-
sequently fixing a representation in the quantum space one defines a physical model,
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such as a low-dimensional quantum field theory [4–7] or a spin-chain model [8–10].
And moreover, the functional relations between integrability objects should also fol-
low from the characteristics of these representations of the quantum group. In alge-
braic aspects, the investigation of a quantum integrable system is thus reduced to the
study of representations of the quantum group to which the system is associated. For
terminology, specific examples and references we refer here to the paper [8].
For further constructions, it is essential to clarify that the universal R-matrix belongs
not to the tensor square of the whole quantum group, but to a completed tensor prod-
uct of its principal Borel subalgebras. Therefore, one can start with a representation of
the quantum group and obtain desirable representations of its positive and negative
Borel subalgebras by the corresponding restrictions. Actually, this is an obvious way to
construct monodromy and transfer operators. To obtain more representations, leading
to other integrability objects, such as L-operators and Q-operators, one should follow
a different way. One possibility here is to map the Borel subalgebra in question to a q-
oscillator algebra subsequently using the representations of the latter. Representations
obtained in this way are connected with the representations used for the construction
of monodromy and transfer operators through a certain limiting procedure [7–11].
This fact ensures nontrivial functional relations between integrability objects.
Special attention in our research program is payed to quantum groups of loop alge-
bras of special linear Lie algebras, the so-called quantum loop algebras, and to their
Borel subalgebras. For the study of their representations the concept of ℓ-weights and
ℓ-weight vectors turns out to be very productive [12–14]. Earlier, specific ℓ-weights
emerged in [15, 16] in the classification of irreducible finite-dimensional representa-
tions of quantum loop algebras; in [16], they were called pseudo-highest weights.
Quite recently, some new infinite-dimensional representations of the Borel subalgebras
of quantum loop algebras were obtained as an infinite limit of the Kirillov–Reshetikhin
modules [12]. Following [13], where relations in the Grothendieck ring of the cate-
gory O were interpreted as generalized Baxter’s TQ-relations, we call these represen-
tations prefundamental. As the Kirillov–Reshetikhin modules are finite-dimensional
highest weight modules characterized by specially simple values of the weights, so
the infinite-dimensional prefundamental representations are highest ℓ-weight mod-
ules characterized by their highest ℓ-weights which are actually of simplest possible
form.
In our recent paper [17], we obtained the ℓ-weights and the corresponding ℓ-weight
vectors for the finite- and infinite-dimensional representations of quantum loop al-
gebras Uq(L(sll+1)) with l = 1, 2 constructed with the help of the evaluation repre-
sentations. There, we also obtained the ℓ-weights and the ℓ-weight vectors for the q-
oscillator representations of the positive Borel subalgebras of the same quantum loop
algebras. In particular, this allowed us to relate the q-oscillator and prefundamen-
tal representations. The consideration of the lowest, l = 1, and the simplest higher
rank, l = 2, cases in the paper [17] does not, however, allow us to make even an ed-
ucated guess on the exact relationship between the q-oscillator and prefundamental
representations for arbitrary higher ranks. Therefore, to establish the complete rela-
tionship between these two important representations of quantum loop algebras, we
must consider the general case, the quantum loop algebra Uq(L(sll+1)) for arbitrary l.
To this end, we can use the results of the paper [18], where Borel subalgebras of these
quantum loop algebras were realized by means of q-oscillators.
In section 2 we recall two different approaches to the definition of the quantum
loop algebras, one according to original definition of quantum groups by Drinfeld and
Jimbo, and another one being Drinfeld’s second realization of the same object. We also
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provide the bijection between these two definitions explicitly relating the generators
of Drinfeld’s second realization with the Cartan–Weyl generators of Drinfeld–Jimbo’s
definition. In section 3 we define highest ℓ-weight representations of Borel subalge-
bras of the quantum loop algebras. After a short reminder of general data on such
representations, we introduce two corresponding examples of our particular interest,
the prefundamental and q-oscillator representations. In section 4 we extend the set of
q-oscillator representations with the help of automorphisms of the Borel subalgebras
under consideration. Subsequently, for each q-oscillator representation we obtain the
ℓ-weight vectors and calculate the corresponding ℓ-weights. These results allow us to
compare the q-oscillator representations directly with the prefundamental representa-
tions. Our conclusions are gathered in the final section.
We follow the definitions used in [17], and this is what is usually adopted in the
papers on representations of quantum loop algebras. The so-called deformation pa-
rameter is introduced as follows. We take h¯ to be a nonzero complex number, such that
q = exp h¯ is not a root of unity. In this way, the quantum groups under consideration
are defined simply as complex algebras. It is also assumed here that
qν = exp(h¯ν)
for any ν ∈ C. We use the usual definition of q-number,
[n]q =
qn − q−n
q− q−1
, n ∈ Z,
and q-factorial
[n]q! =
n
∏
m=1
[m]q, n ∈ N, [0]q! = 1.
To simplify formulas we also denote
κq = q− q
−1.
2. QUANTUM LOOP ALGEBRA Uq(L(sll+1))
We start with reminding of basic definitions and fixing notation for the main ob-
ject of our interest, the quantum group of the loop algebra of the special linear Lie
algebra of arbitrary rank. One usually denotes this object by Uq(L(sll+1)) and calls
it shortly the quantum loop algebra. Here, we also recall two different realizations of
this quantum loop algebra and relate the corresponding generators explicitly.
2.1. Drinfeld–Jimbo definition andCartan–Weyl data. Wefix a positive integer l and
introduce two sets I = {1, . . . , l} and Î = {0, 1, . . . , l}. Let hi, i ∈ I, be the canonical
Cartan generators of the Lie algebra sll+1. Denote by h the canonical Cartan subalgebra
of sll+1, so that
h =
⊕
i∈I
C hi.
The simple roots αi, i ∈ I, of sll+1 are defined by the relations
〈αi, hj〉 = aji, i, j ∈ I,
where aij, i, j ∈ I, are the entries of the Cartan matrix of sll+1. The full system △+ of
positive roots of sll+1 is
△+ = {αij | 1 ≤ i < j ≤ l + 1},
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where
αij =
j−1
∑
k=i
αk.
It is clear that, in particular,
αi = αi, i+1.
Certainly, the system of negative roots is △− = −△+, and the full system of roots is
△ = △+ ⊔△−.
Following Kac, we use the notation L(sll+1) for the loop algebra of sll+1, L˜(sll+1)
for its standard extension by a one-dimensional center C c, and L̂(sll+1) for the Lie
algebra obtained from L˜(sll+1) by adding a natural derivation d [19].
The Cartan subalgebra ĥ of L̂(sll+1) is
ĥ = h⊕C c⊕C d.
Introducing an additional Kac–Moody generator
h0 = c−∑
i∈I
hi
we obtain
ĥ =
⊕
i∈ Î
C hi +C d.
It is worth to note that
c = h0 + ∑
i∈I
hi = ∑
i∈ Î
hi.
We identify the space h∗ with the subspace of ĥ∗ defined as
h∗ = {γ̂ ∈ ĥ∗ | 〈γ̂, c〉 = 0, 〈γ̂, d〉 = 0}.
It is also convenient to denote
h˜ = h⊕C c =
(⊕
i∈I
C hi
)
⊕C c =
⊕
i∈ Î
C hi
and identify the space h∗ with the subspace of h˜∗ which consists of the elements γ˜ ∈ h˜∗
satisfying the condition
〈γ˜, c〉 = 0. (2.1)
Here and everywhere below we mark such elements by a tilde. Explicitly the identi-
fication is performed as follows. The element γ˜ ∈ h˜∗ satisfying (2.1) is identified with
the element γ ∈ h∗ defined by the equations
〈γ, hi〉 = 〈γ˜, hi〉, i ∈ I.
In the opposite direction, given an element γ ∈ h∗, we identify it with the element
γ˜ ∈ h˜∗ determined by the relations
〈γ˜, h0〉 = −∑
i∈I
〈γ, hi〉, 〈γ˜, hi〉 = 〈γ, hi〉, i ∈ I.
It is clear that γ˜ satisfies (2.1).
The simple roots αi ∈ ĥ
∗, i ∈ Î, of the Lie algebra L̂(sll+1) are defined by the relations
〈αi, hj〉 = aji, i, j ∈ Î, 〈α0, d〉 = 1, 〈αi, d〉 = 0, i ∈ I.
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Here aij, i, j ∈ Î, are the entries of the extended Cartan matrix of sll+1. The full system
△̂+ of positive roots of the Lie algebra L̂(sll+1) is related to the system△+ of positive
roots of sll+1 as
△̂+ = {γ + nδ | γ ∈ △+, n ∈ Z+}
∪ {nδ | n ∈ N} ∪ {(δ − γ) + nδ | γ ∈ △+, n ∈ Z+},
where
δ = ∑
i∈ Î
αi
is the minimal positive imaginary root. It is worth to note here that
α0 = δ−∑
i∈I
αi = δ− θ,
where θ is the highest root of sll+1. The system of negative roots △̂− is △̂− = −△̂+,
and we the full system of roots is
△̂ = △̂+ ⊔ △̂− = {γ + nδ | γ ∈ △, n ∈ Z} ∪ {nδ | n ∈ Z \ {0}}.
Note that the set formed by the restriction of the simple roots αi to h˜ is linearly depen-
dent. In fact, we have
δ|
h˜
= ∑
i∈ Î
αi|h˜ = 0.
This is the main reason to pass from L˜(sll+1) to L̂(sll+1).
We fix a non-degenerate symmetric bilinear form on ĥ by the equations
(hi | hj) = aij, (hi | d) = δi0, (d | d) = 0,
where i, j ∈ Î. Then, for the corresponding symmetric bilinear form on ĥ∗ one has
(αi | αj) = aij.
It follows from this relation that
(δ | αij) = 0, (δ | δ) = 0
for all 1 ≤ i < j ≤ l + 1.
To properly define the quantum loop algebra Uq(L(sll+1)), we first introduce the
quantum groupUq(L̂(sll+1)). It is a unital associativeC-algebra being a q-deformation
of the universal enveloping algebra U(L̂(sll+1)). It is generated by the elements ei, fi,
i ∈ Î, and qx, x ∈ ĥ, subject to the defining relations
q0 = 1, qx1qx2 = qx1+x2 , (2.2)
qxei q
−x = q〈αi, x〉ei, q
x fi q
−x = q−〈αi, x〉 fi, (2.3)
[ei, f j] = δij
qhi − q−hi
q − q−1
, (2.4)
1−aij
∑
k=0
(−1)ke
(1−aij−k)
i ej e
(k)
i = 0,
1−aij
∑
k=0
(−1)k f
(1−aij−k)
i f j f
(k)
i = 0, (2.5)
where e
(n)
i = e
n
i /[n]q !, f
(n)
i = f
n
i /[n]q !, and it is assumed that i and j are distinct in
the Serre relations (2.5).
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The quantum group Uq(L̂(sll+1)) possesses no finite-dimensional representations
with a nontrivial action of the element qνc [15, 16]. In contrast, the quantum loop al-
gebra Uq(L(sll+1)) has, along with the infinite-dimensional representations, also non-
trivial finite-dimensional representations. Therefore, we proceed in two steps to the
quantum loop algebra Uq(L(sll+1)). As the first step we define the quantum group
Uq(L˜(sll+1)) as a Hopf subalgebra of Uq(L̂(sll+1)) generated by the elements ei, fi,
i ∈ Î, and qx, x ∈ h˜, with relations (2.2)–(2.5). Then, the quantum loop algebra
Uq(L(sll+1)) is defined as the quotient algebra of Uq(L˜(sll+1)) by the two-sided Hopf
ideal generated by the elements of the form qνc − 1 with ν ∈ C×. It is convenient to
treat the quantum loop algebra Uq(L(sll+1)) as a unital associative C-algebra gener-
ated by the same generators as Uq(L˜(sll+1)) with relations (2.2)–(2.5) supplemented
with the relations
qνc = 1, ν ∈ C×. (2.6)
For the study of quantum integrable systems, it is important that the quantum loop
algebra Uq(L(sll+1)) is a Hopf algebra with appropriately defined co-multiplication,
antipode and counit. However, the explicit form of the Hopf algebra structure is not
used in the present paper, hence we omit it.
The abelian group
Q̂ =
⊕
i∈ Î
Z αi
is called the root lattice of L̂(sll+1). The algebra Uq(L(sll+1)) can be considered as
Q̂-graded if we assume that
ei ∈ Uq(L(sll+1))αi , fi ∈ Uq(L(sll+1))−αi , q
x ∈ Uq(L(sll+1))0
for any i ∈ Î and x ∈ h˜. An element a of Uq(L(sll+1)) is called a root vector corre-
sponding to a root γ of L̂(sll+1) if a ∈ Uq(L(sll+1))γ. In particular, the generators ei
and fi are root vectors corresponding to the roots αi and −αi.
One can obtain linearly independent root vectors corresponding to all roots from
△̂. This can be done in many ways. We follow here the procedure proposed by
Khoroshkin and Tolstoy [20, 21]. Its main advantage is that it gives the root vec-
tors closely related to the generators of Drinfeld’s second realization of the quantum
groups, see section 2.2. For an equivalent alternative, we also refer to the paper [22].
The root vectors, together with the elements qx, x ∈ h˜, are the Cartan–Weyl generators
of Uq(L(sll+1)). Appropriately ordered monomials constructed from these generators
form a Poincare´–Birkhoff–Witt basis of Uq(L(sll+1)).
Let us describe how the procedure of Khoroshkin and Tolstoy looks in the case un-
der consideration. First of all one assumes that a normal order ≺ on the system of
positive roots △̂+ is given [23,24]. For the case of a finite-dimensional simple Lie alge-
bra it means that if a positive root γ is a sum of two positive roots α and β, then either
α ≺ γ ≺ β or β ≺ γ ≺ α. In our case we assume additionally that
α + kδ ≺ mδ ≺ (δ− β) + nδ (2.7)
for any α, β ∈ △+ and k,m, n ∈ Z+. We use in this paper the following normal order,
see, for example [25]. As is seen from (2.7) it suffices to define separately the ordering
of the roots α + kδ and (δ − β) + nδ, where α, β ∈ △+. We assume that αij + rδ ≺
αmn + sδ if i < m, or if i = m and r < s, or if i = m, r = s and j < n. In a similar way,
(δ − αij) + rδ ≺ (δ − αmn) + sδ if i > m, or if i = m and r > s, or if i = m, r = s and
j < n.
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The root vectors are defined by the following inductive procedure. We take as
the root vectors, corresponding to the simple roots the corresponding generators of
Uq(L(sll+1)),
eδ−θ = e0, eαi = ei, fδ−θ = f0, fαi = fi, i ∈ I.
Here and below we denote a root vector corresponding to a positive root γ by eγ, and
a root vector corresponding to a negative root −γ by fγ.
Let now a root γ ∈ △̂+ be such that γ = α + β for some α, β ∈ △̂+. For definiteness
assume that α ≺ γ ≺ β. Further, let there be no other roots α′ ≻ α and β′ ≺ β
satisfying γ = α′ + β′. Then, if the root vectors eα, eβ and fα, fβ are already given, we
define [20, 21]
eγ = [eα , eβ]q, fγ = [ fβ , fα]q.
Here we have introduced the q-commutator [ , ]q defined as
[eα , eβ]q = eα eβ − q
−(α | β) eβ eα, [ fα , fβ]q = fα fβ − q
(α | β) fβ fα,
where ( | ) denotes the symmetric bilinear form on ĥ∗.
First we define root vectors corresponding to the roots αij and −αij. Recall that we
already have root vectors eαi, i+1 and fαi, i+1 corresponding to the roots αi,i+1 = αi and
−αi,i+1 = −αi. We define root vectors corresponding to the positive composite roots
by the inductive rule
eαij = [eαi, i+1 , eαi+1, j ]q = eαi, i+1eαi+1, j − q eαi+1, jeαi, i+1 ,
and similarly for the negative roots
fαij = [ fαi+1, j , fαi, i+1]q = fαi+1, j fαi, i+1 − q
−1 fαi, i+1 fαi+1, j .
It is clear that these rules uniquely give
eαij = [eαi , . . . [eαj−2, eαj−1 ]q . . . ]q, fαij = [ . . . [ fαj−1 , fαj−2 ]q . . . , fαi ]q.
Roughly speaking, we start with the simple root αj−1 = αj−1,j and then sequentially
add necessary simple roots from the left to reach the final root αij. In fact, we can start
with any simple root αk with i < k < j and then add the appropriate simple roots from
the left or from the right in a random order. It appears that the resulting root vector
will be the same.
Now we consider the roots of the form δ− αij and −(δ− αij). The root vectors eδ−θ
and fδ−θ corresponding to the roots δ − θ = δ − α1, l+1 and −(δ − θ) = −(δ − α1, l+1)
are already given. We define inductively
eδ−αij = [eαi−1, i , eδ−αi−1, j ]q = eαi−1, i eδ−αi−1, j − q eδ−αi−1, j eαi−1, i , (2.8)
fδ−αij = [ fδ−αi−1, j , fαi−1, i ]q = fδ−αi−1, j fαi−1, i − q
−1 fαi−1, i fδ−αi−1, j (2.9)
if i > 1, and
eδ−α1j = [eαj, j+1, eδ−α1, j+1 ]q = eαj, j+1 eδ−α1, j+1 − q eδ−α1, j+1 eαj, j+1 , (2.10)
fδ−α1j = [ fδ−α1, j+1 , fαj, j+1]q = fδ−α1, j+1 fαj, j+1 − q
−1 fαj, j+1 fδ−α1, j+1 (2.11)
for j < l + 1. The inductive rules (2.8), (2.9) and (2.10), (2.11) uniquely lead to the
expressions
eδ−αij = [eαi−1 , . . . [eα1 , [eαj , . . . [eαl , eδ−θ]q . . .]q ]q . . .]q, (2.12)
fδ−αij = [. . . [ [. . . [ fδ−θ , fαl ]q , . . . fαj ]q , fα1 ]q , . . . fαi−1 ]q. (2.13)
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Saying in words, we start with the highest root θ and then sequentially subtract re-
dundant simple roots first from the right and then from the left. We can randomly
interchange subtractions from the left and from the right, the result will be the same.
Then, assuming that j = i + 1, so that αij at the left hand side of relations (2.12),
(2.13) reduces to any of the simple roots αi, i ∈ I, we obtain
eδ−α1 = [eα2 , [eα3 , . . . [eαl , eδ−θ]q . . .]q ]q, (2.14)
eδ−αi = [eαi−1 , . . . [eα1 , [eαi+1 , . . . [eαl , eδ−θ]q . . .]q ]q . . .]q, i = 2, . . . , l − 1, (2.15)
eδ−αl = [eαl−1 , . . . [eα2 , [eα1 , eδ−θ]q]q . . .]q (2.16)
and, similarly,
fδ−α1 = [ [. . . [ fδ−θ , fαl ]q , . . . fα3 ]q , fα2 ]q, (2.17)
fδ−αi = [. . . [ [. . . [ fδ−θ , fαl ]q , . . . fαi+1 ]q , fα1 ]q , . . . fαi−1 ]q, i = 2, . . . , l − 1, (2.18)
fδ−αl = [. . . [ [ fδ−θ , fα1 ]q , fα2 ]q , . . . fαl−1 ]q. (2.19)
Having all root vectors corresponding to the roots αij and δ − αij with αij ∈ △+,
we can continue by adding imaginary roots nδ. The root vectors corresponding to the
imaginary roots are additionally indexed by the positive roots γ ∈ △+ of sll+1 and are
defined by the relations
e′δ,γ = [eγ , eδ−γ]q, f
′
δ, γ = [ fδ−γ , fγ]q. (2.20)
Then, the remaining higher root vectors are given by the iteration [20, 21]
eγ+nδ = ([2]q)
−1[eγ+(n−1)δ , e
′
δ,γ]q, fγ+nδ = ([2]q)
−1[ f ′δ, γ , fγ+(n−1)δ]q, (2.21)
e(δ−γ)+nδ = ([2]q)
−1[e′δ,γ , e(δ−γ)+(n−1)δ]q, (2.22)
f(δ−γ)+nδ = ([2]q)
−1[ f(δ−γ)+(n−1)δ , f
′
δ, γ]q, (2.23)
e′nδ,γ = [eγ+(n−1)δ , eδ−γ]q, f
′
nδ,γ = [ fδ−γ , fγ+(n−1)δ]q, (2.24)
where we take into account that (αij | αij) = 2 for all permissible values of i and j. We
note that, among all imaginary root vectors e′nδ,γ and f
′
nδ, γ only the root vectors e
′
nδ, αi
and f ′nδ, αi , i ∈ I, are independent and required for the construction of the Poincare´–
Birkhoff–Witt basis. However, the vectors e′δ,γ and f
′
δ,γ with arbitrary γ ∈ △+ are
needed for the iterations (2.22) and (2.23).
The prime in the notation for the root vectors corresponding to the imaginary roots
nδ and −nδ, n ∈ N is justified by the fact that one also uses another set of root vectors
corresponding to these roots. They are introduced by the functional equations
−κq eδ,γ(u) = log(1− κq e
′
δ,γ(u)), (2.25)
κq fδ,γ(u
−1) = log(1+ κq f
′
δ, γ(u
−1)), (2.26)
where the generating functions
e′δ,γ(u) =
∞
∑
n=1
e′nδ,γ u
n, eδ,γ(u) =
∞
∑
n=1
enδ,γ u
n,
f ′δ, γ(u
−1) =
∞
∑
n=1
f ′nδ, γ u
−n, fδ, γ(u
−1) =
∞
∑
n=1
fnδ,γ u
−n
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are defined as formal power series. In particular, it is convenient to use the unprimed
imaginary root vectors for the universal R-matrix of quantum affine algebras [20, 21].
2.2. Drinfeld’s second realization. The quantum loop algebra Uq(L(sll+1)) can be
realized in a different way [2, 26] as a C-algebra with generators ξ±i, n with i ∈ I and
n ∈ Z, qx with x ∈ h, and χi, n with i ∈ I and n ∈ Z \ {0}. They satisfy the defining
relations
q0 = 1, qx1qx2 = qx1+x2 ,
[χi, n, χj,m] = 0, q
xχj, n = χj, n q
x,
qxξ±i, nq
−x = q±〈αi, x〉ξ±i, n, [χi, n, ξ
±
j,m] = ±
1
n
[n aij]q ξ
±
j, n+m,
ξ±i, n+1ξ
±
j,m − q
±aij ξ±j,m ξ
±
i, n+1 = q
±aij ξ±i, n ξ
±
j,m+1− ξ
±
j,m+1ξ
±
i, n,
[ξ+i, n, ξ
−
j,m] = δij
φ+i, n+m− φ
−
i,n+m
q − q−1
and the Serre relations whose explicit form is not important for our consideration. In
this realization, the entries of the generalized Cartan matrix aij of type Al take place.
The quantities φ±i, n, i ∈ I, n ∈ Z, are given by the formal power series
∞
∑
n=0
φ±i,±nu
±n = q±hi exp
(
±κq
∞
∑
n=1
χi,±nu
±n
)
(2.27)
supplemented with the conditions
φ+i,n = 0, n < 0, φ
−
i, n = 0, n > 0.
We see that each of the generators ξ+i, n, ξ
−
i, n is labeled by two integers, i ∈ I and
n ∈ Z, exactly as each of the root vectors eαi+nδ, fαi+nδ and eδ−αi+nδ, fδ−αi+nδ. Further,
each of the generators of the commutative subalgebra χi, n, χi,−n, or equivalently φ
+
i,n,
φ−i,−n just in view of (2.27), is labeled by two integers i ∈ I and n ∈ N, exactly as the
imaginary root vectors enδ, αi , fnδ, αi , or equivalently e
′
nδ, αi
, f ′nδ, αi just in view of (2.25),
(2.26). Indeed, there is an isomorphism of the two realizations of the quantum loop
algebras which can be expressed by a one-to-one correspondence between the above
generators and root vectors.
To be precise, the generators of Drinfeld’s second realization are related to the Cartan–
Weyl generators in the following way [21, 27]. The generators qx of the quantum loop
algebra in Drinfeld–Jimbo’s and Drinfeld’s second realizations are the same, except
that in the first case x ∈ h˜, while in the second case x ∈ h ⊂ h˜. For the generators ξ±i, n
and χi, n of Drinfeld’s second realization we have
ξ+i, n =
{
(−1)noni eαi+nδ n ≥ 0
(−1)n+1oni q
−hi f(δ−αi)−(n+1)δ n < 0
, (2.28)
ξ−i, n =
{
(−1)non+1i e(δ−αi)+(n−1)δ q
hi n > 0
(−1)noni fαi−nδ n ≤ 0
, (2.29)
χi, n =
{
(−1)n+1oni enδ, αi n > 0
(−1)n+1oni f−nδ, αi n < 0
, (2.30)
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where for each i ∈ I the number oi is either +1 or −1, such that oi = −oj whenever
aij < 0. It follows from (2.25), (2.26), (2.27) and (2.30) that
φ+i, n =
{
(−1)n+1oni κq q
hie′nδ, αi n > 0
qhi n = 0
,
φ−i,n =
{
q−hi n = 0
(−1)noni κq q
−hi f ′−nδ, αi n < 0
.
Defining the generating functions φ+i (u) and φ
−
i (u) as
φ+i (u) =
∞
∑
n=0
φ+i,nu
n, φ−i (u
−1) =
∞
∑
n=0
φ−i,−nu
−n,
we also obtain
φ+i (u) = q
hi
(
1− κq e
′
δ, αi
(−oiu)
)
, (2.31)
φ−i (u
−1) = q−hi
(
1+ κq f
′
δ, αi
(−oiu
−1)
)
. (2.32)
In the case under consideration, the numbers oi entering equations (2.31) and (2.32)
can be explicitly defined as
oi = −(−1)
i, i = 1, . . . , l. (2.33)
This specification perfectly matches the general definition.
3. HIGHEST ℓ-WEIGHT REPRESENTATIONS OF BOREL SUBALGEBRAS
We first recall some general information about the highest ℓ-weight representations
of the Borel subalgebras of the quantum loop algebra Uq(L(sll+1)). Here we follow
mainly the papers [12, 14], where basic properties of modules over the quantum loop
algebras and their Borel subalgebras in the category O were systematically studied
and presented in a most suitable for our purposes form. We also refer to [17] for the
consistency of the notations. Then we proceed to examples of the highest ℓ-weight
representations we are particularly interested in.
3.1. Preliminaries. The quantum loop algebra Uq(L(sll+1)) has two Borel subalge-
bras, the positive Uq(b+) and the negative Uq(b−) ones. As we have already men-
tioned, the universalR-matrix belongs to a completion of their tensor product. There-
fore, representations of these Borel subalgebras are exactly what one needs for appli-
cations in the theory of integrable systems. In terms of the Drinfeld–Jimbo generators,
the Borel subalgebras are defined as follows. The Borel subalgebra Uq(b+) is the sub-
algebra generated by ei, i ∈ Î, and q
x, x ∈ h˜, and the Borel subalgebra Uq(b−) is the
subalgebra generated by fi, i ∈ Î, and q
x, x ∈ h˜. It is clear that the Borel subalgebras
are Hopf subalgebras of Uq(L(sll+1)). The description of Uq(b+) and Uq(b−) in terms
of the Drinfeld generators is more intricate. We note that, as follows from (2.28)–(2.30),
the Borel subalgebra Uq(b+) contains the Drinfeld generators ξ
+
i,n, ξ
−
i,m, χi,m with i ∈ I,
n ≥ 0 and m > 0, while the Borel subalgebra Uq(b−) contains the Drinfeld generators
ξ−i,n, ξ
+
i,m, χi,m with i ∈ I, n ≤ 0 andm < 0. The positive and negative Borel subalgebras
are related by the quantum Chevalley involution. Therefore, we restrict ourselves to
the consideration of the subalgebra Uq(b+).
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As is noted above we consider the Uq(b+)-modules in the category O. By definition,
any Uq(b+)-moduleW in the category O allows for the weight decomposition
W =
⊕
λ∈h∗
Wλ, Wλ = {w ∈W | q
xw = q〈λ˜, x〉w for any x ∈ h˜},
whereWλ is called the weight space of weight λ, and a nonzero element ofWλ is called
a weight vector of weight λ. Further, a Uq(b+)-module W in the category O is called
the highest weight module with highest weight λ if there exists a weight vector v ∈ W
of weight λ such that
ei v = 0
for all i ∈ I and
W = Uq(b+)v.
The vector v with such properties is called the highest weight vector of W. It is
uniquely defined up to a scalar factor.
The notion of highest weight Uq(b+)-modules is refined by introducing ℓ-weights.
Relative to the Borel subalgebra Uq(b+), an ℓ-weight Ψ is a pair
1
Ψ = (λ, Ψ+),
where λ ∈ h∗ and Ψ+ is an l-tuple
Ψ
+ = (Ψ+i (u))i∈I
of formal series
Ψ+i (u) = ∑
n∈Z+
Ψ+i, n u
n ∈ C[[u]],
such that
Ψ+i, 0 = q
〈λ, hi〉.
For any Uq(b+)-module in the category O one has the ℓ-weight decomposition
W =
⊕
Ψ
WΨ,
whereWΨ is a subspace ofW such that for any w inWΨ there is p ∈ N such that
(φ+i, n −Ψ
+
i, n)
pw = 0 (3.1)
for all i ∈ I and n ∈ Z+, and
qxw = q〈λ˜, x〉w
for all x ∈ h˜. The subspace WΨ is called the ℓ-weight space of ℓ-weight Ψ, and one
says that Ψ is an ℓ-weight of W if the subspace WΨ is not trivial. A nonzero element
v ∈WΨ such that
φ+i,nv = Ψ
+
i,nv
for all i ∈ I and n ∈ Z+ is said to be an ℓ-weight vector of ℓ-weight Ψ. Every nontrivial
ℓ-weight space contains an ℓ-weight vector.
A Uq(b+)-module W in the category O is called a highest ℓ-weight module with
highest ℓ-weight Ψ if there exists an ℓ-weight vector v ∈ W of ℓ-weight Ψ such that
ξ+i, nv = 0
1The symbol + means that we work with the Borel subalgebra Uq(b+). For the case of Uq(b−) one
defines an ℓ weight as a pair (λ, Ψ−) and for the case of the whole quantum loop algebra Uq(L(sll+1))
as a triple (λ, Ψ+, Ψ−), see also [28].
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for all i ∈ I and n ∈ Z+ and
W = Uq(b+)v.
The vector with the above properties is unique up to a scalar factor. One calls it the
highest ℓ-weight vector ofW.
An ℓ-weight Ψ of a Uq(b+)-module is called rational if for some non-negative inte-
gers pi, qi, i ∈ I, and complex numbers air, bis, i ∈ I, 0 ≤ r ≤ pi, 0 ≤ s ≤ qi, one
has
Ψ+i (u) =
aipiu
pi + ai, pi−1u
pi−1 + · · ·+ ai0
biqiu
qi + bi, qi−1u
qi−1 + · · ·+ bi0
.
Here, the numbers ai0, bi0 must be nonzero. We see that the definition of rational
ℓ-weights in the case of Borel subalgebras is essentially less restrictive than that of
rational ℓ-weights for the full quantum loop algebras, where one should additionally
impose certain regularity conditions [14, 17].
One can show that for any rational ℓ-weight Ψ there is a simple highest ℓ-weight
Uq(b+)-module L(Ψ) with highest ℓ-weight Ψ which is unique up to an isomorphism,
and any simple Uq(b+)-module in the category O is a highest ℓ-weight module with a
rational highest ℓ-weight [12]. Here, all ℓ-weights of a Uq(b+)-module in the category
O are rational.
One defines the product of ℓ-weights Ψ1 = (λ1, Ψ
+
1 ) and Ψ2 = (λ2, Ψ
+
2 ) as the pair
Ψ1Ψ2 = (λ1 + λ2, Ψ
+
1 Ψ
+
2 ),
where
Ψ
+
1 Ψ
+
2 = (Ψ
+
1i (u)Ψ
+
2i (u))i∈I .
For any rational ℓ-weights Ψ1 and Ψ2 the submodule of L(Ψ1) ⊗ L(Ψ2) generated by
the tensor product of the highest ℓ-weight vectors is a highest ℓ-weight module with
highest ℓ-weight Ψ1Ψ2. In particular, L(Ψ1Ψ2) is isomorphic to a subquotient of L(Ψ1)⊗
L(Ψ2) generated by the tensor product of the highest ℓ-weight vectors. We denote this
subquotient as L(Ψ1)⊗ L(Ψ2). Note that the operation ⊗ is associative.
We have already noted in section 2.1 a special role of the higher root vectors e′nδ, αi
and f ′nδ, αi . Besides, we see from equation (2.31) and the definition of the highest ℓ-
weight representations of Uq(b+) that only the root vectors e′nδ, αi are used to determine
the corresponding highest ℓ-weight vectors and highest ℓ-weights.
3.2. Prefundamental representations. Prefundamental representations [12] are sim-
ple highest ℓ-weight Uq(b+)-modules L
±
i, a with the highest ℓ-weights (λi,a, (Ψ
±
i, a)
+)
determined by the relations
λi,a = 0, (Ψ
±
i, a)
+(u) = (1, . . . , 1
i−1
, (1− au)±1, 1, . . . , 1
l−i
), i ∈ I, a ∈ C×.
For any ξ ∈ h∗ the one-dimensional representation with the highest ℓ-weight Ψξ =
(λξ , (Ψξ)
+) defined as
λξ = ξ, (Ψξ)
+ = (q〈ξ, h1〉, . . . q〈ξ, hl〉) (3.2)
is also included into the class of the prefundamental representations. The correspond-
ing Uq(b+)-module is denoted by Lξ .
For any Uq(b+)-module V in category O and an element ξ ∈ h∗, we define a shifted
Uq(b+)-module V[ξ] shifting the action of the generators q
x. Namely, if ϕ is the rep-
resentation of Uq(b+) corresponding to the module V and ϕ[ξ] is the representation
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corresponding to the module V[ξ], then
ϕ[ξ](ei) = ϕ(ei), i ∈ I, ϕ[ξ](q
x) = q〈ξ˜ , x〉ϕ(qx), x ∈ h˜.
It is clear that the module V[ξ] is in category O and is isomorphic to V ⊗ Lξ .
One can show that any Uq(b+)-module in the category O is a subquotient of a tensor
product of prefundamental representations.
3.3. q-oscillator modules in general. To obtain a representation of a Borel subalge-
bra one can simply take the restriction of a representation of the full quantum loop
algebra to this subalgebra. However, for the theory of integrable systems more repre-
sentations are needed. Here one constructs necessary representations first defining a
homomorphism of a Borel subalgebra to the q-oscillator algebra or to the tensor prod-
uct of several copies of this algebra. Then one uses the appropriate representations of
the q-oscillator algebras and comes to the desirable representation of the Borel subal-
gebra. In this section we give the definition of the q-oscillator algebra and describe its
important representations.
The q-oscillator algebra Oscq is a unital associative C-algebra with generators b
†, b,
qνN , ν ∈ C, and relations
q0 = 1, qν1Nqν2N = q(ν1+ν2)N,
qνNb†q−νN = qνb†, qνNbq−νN = q−νb,
b†b =
qN − q−N
q− q−1
, bb† =
qqN − q−1q−N
q− q−1
.
Two representations of Oscq are interesting for us. First, letW
+ be the free vector space
generated by the set {v0, v1, . . .}. One can show that the relations
qνNvm = q
νmvm,
b†vm = vm+1, b vm = [m]qvm−1,
where we assume that v−1 = 0, endowW
+ with the structure of an Oscq-module. We
denote the corresponding representation of the algebra Oscq by χ
+. Further, letW− be
the free vector space generated again by the set {v0, v1, . . .}. The relations
qνNvm = q
−ν(m+1)vm,
b vm = vm+1, b
†vm = −[m]qvm−1,
where we again assume that v−1 = 0, endow the vector space W
− with the structure
of an Oscq-module. We denote the corresponding representation of Oscq by χ
−.
We consider the tensor product of l copies of the q-oscillator algebra, Oscq⊗ . . .⊗
Oscq = (Oscq)⊗ l, and denote
bi = 1⊗ . . .⊗ 1⊗ b⊗ 1⊗ . . .⊗ 1, b
†
i = 1⊗ . . .⊗ 1⊗ b
† ⊗ 1⊗ . . .⊗ 1,
qνNi = 1⊗ . . .⊗ 1⊗ qνN ⊗ 1⊗ . . .⊗ 1,
where b, b† and qνN occupy only the i-th place of the respective tensor products.
It was shown in [18] that the mapping ρ : Uq(b+) → (Oscq)⊗ l defined by the rela-
tions
ρ(qνh0) = qν(2N1+∑
l
j=2 Nj), ρ(e0) = b
†
1 q
∑
l
j=2 Nj , (3.3)
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ρ(qνhi ) = qν(Ni+1−Ni), ρ(ei) = −bi b
†
i+1 q
Ni−Ni+1−1, (3.4)
ρ(qνhl ) = q
−ν(2Nl+∑
l−1
j=1 Nj), ρ(el) = −κ
−1
q bl q
Nl , (3.5)
where i = 1, . . . , l − 1, is a homomorphism from the Borel subalgebra Uq(b+) to the
respective tensor power of the q-oscillator algebra. The homomorphism ρ was ob-
tained in the paper [18], starting with Jimbo’s homomorphism from Uq(L(sll+1)) to
Uq(gll+1), as the result of the interpretation of the defining relations for a subquotient
of a degeneration of a shifted Uq(b+)-module. To get a representation of Uq(b+), one
chooses some representation of (Oscq)⊗ l, and then takes the composition of this rep-
resentation with ρ.
It should be noted that a similar expression for q-oscillator representations was sug-
gested by Kojima [29]. Our approach, however, gives such a benefit that we come
to formulas (3.3)–(3.5) by degeneration of shifted Verma modules. With this, one can
present Q-operators as a certain limit of transfer operators, see papers [8–11] for the
case l = 1, 2.
4. AUTOMORPHISMS AND MORE REPRESENTATIONS
Other homomorphisms of type ρ are obtained with the help of twists by automor-
phisms of Uq(b+). Specifically to the case under consideration, there are two types of
the automorphisms we use for such twisting. They originate from the automorphisms
σ and τ of the extended Dynkin diagram of sll+1, where σ acts by cyclic permutations
of the roots σ : αi → αi+1, while τ permutes the roots as τ : αi → αl+1−i, leaving α0
alone. Here, one has σl+1 = id and τ2 = id. Applied to Uq(b+), with a slight abuse of
notation, their analogs produce the symmetry transformations
σ(qνhi ) = qνhi+1 , σ(ei) = ei+1, i ∈ Î,
where it is assumed that qνhl+1 = qνh0 and el+1 = e0, and
τ(qh0) = qh0 , τ(qhi) = qhl−i+1, τ(e0) = e0, τ(ei) = el−i+1, i ∈ I.
It is clear that σl+1 and τ2 are the identity transformations.
Now we define
ρa = ρ ◦ σ
−a, ρa = ρ ◦ τ ◦ σ
−a+1, a = 1, . . . , l + 1. (4.1)
It is worthwhile noting that ρa in (4.1) can be rewritten also using the relation
τ ◦ σ−a+1 = σa−1 ◦ τ = σa−l−2 ◦ τ, a = 1, . . . , l + 1.
Having the above definition, we obtain from (3.3)–(3.5)
ρa(q
νhi ) = qν(Ni−a+1−Ni−a), i = a+ 1, . . . , l, . . . , l + a− 1, (4.2)
ρa(q
νha−1) = q
−ν(2Nl+∑
l−1
j=1 Nj), ρa(q
νha) = qν(2N1+∑
l
j=2 Nj), (4.3)
ρa(ei) = −bi−a b
†
i−a+1 q
Ni−a−Ni−a+1−1, i = a+ 1, . . . , l, . . . , l + a− 1, (4.4)
ρa(ea−1) = −κ
−1
q bl q
Nl , ρa(ea) = b
†
1 q
∑
l
j=2 Nj , (4.5)
where a = 1, . . . , l + 1, and it is assumed that the index i at the left hand side of (4.2)
and (4.4) takes its values modulo l + 1, which means the identification qνhl+1 = qνh0
and el+1 = e0.
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Further, applying certain tensor products of the representations χ− and χ+, we de-
fine the homomorphisms θa as
θa = (χ
− ⊗ · · · ⊗ χ−
l−a+1
⊗ χ+ ⊗ · · · ⊗ χ+
a−1
) ◦ ρa, a = 1, . . . , l + 1. (4.6)
These representations are chosen so as to obtain highest ℓ-weight representations. The
corresponding basis vectors can be defined as
v
(a)
m = b
m1
1 · · · b
ml−a+1
l−a+1 b
†ml−a+2
l−a+2 · · · b
†ml
l v0,
where mi ∈ Z+ for all i = 1, . . . , l and we use the notation m = (m1, . . . ,ml) and
v0 = v(0, ... , 0).
For the mappings ρa, a = 1, . . . , l + 1, we obtain the following relations:
ρa(q
νhi) = qν(Na−i−Na−i−1), i = 0, 1, . . . , a− 2,
ρa(q
νha−1) = qν(2N1+∑
l
j=2 Nj), ρa(q
νha ) = q
−ν(2Nl+∑
l−1
j=1 Nj),
ρa(q
νhi) = qν(Nl+a−i+1−Nl+a−i), i = a+ 1, a+ 2, . . . , l,
ρa(ei) = −ba−i−1 b
†
a−i q
Na−i−1−Na−i−1, i = 0, 1, . . . , a− 2,
ρa(ea−1) = b
†
1 q
∑
l
j=2 Nj , ρa(ea) = −κ
−1
q bl q
Nl ,
ρa(ei) = −bl+a−i b
†
l+a−i+1 q
Nl+a−i−Nl+a−i+1−1, i = a+ 1, a+ 2, . . . , l.
Respectively, the homomorphisms θa allowing one to obtain highest ℓ-weight repre-
sentations are now defined as
θa = (χ
− ⊗ · · · ⊗ χ−
a−1
⊗ χ+ ⊗ · · · ⊗ χ+
l−a+1
) ◦ ρa, a = 1, . . . , l + 1.
Then the corresponding basis vectors are given by
v
(a)
m = b
m1
1 · · · b
ma−1
a−1 b
†ma
a · · · b
†ml
l v0.
It appears that the vectors v
(a)
m and v
(a)
m are ℓ-weight vectors for the corresponding
representations θa and θa, see below.
Inspired by the theory of quantum integrable systems, we associate with a repre-
sentation of the quantum loop algebra a family of representations parametrized by
the so-called spectral parameter. The usual way to do this is as follows. Given ζ ∈ C×,
we define an automorphism Γζ of Uq(L(sll+1)) by its action on the generators as
Γζ(ei) = ζ
siei, Γζ( fi) = ζ
−si fi, Γζ(q
x) = qx,
where si are arbitrary integers. Note that the Borel subalgebras Uq(b+) and Uq(b−) are
invariant with respect to the action of this automorphism. Now, if ϕ is a representation
of Uq(L(sll+1)) or its Borel subalgebra, we define
ϕζ = ϕ ◦ Γζ .
If V is the module corresponding to the representation ϕ, we denote by Vζ the module
corresponding to the representation ϕζ .
Note that for a representation ϕ of Uq(L(sll+1)) we have
ϕζ(φ
+
i (u)) = ϕ(φ
+
i (ζ
su)), ϕζ(φ
−
i (u
−1)) = ϕ(φ−i (ζ
−su−1)), (4.7)
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where s = s0 + s1 + · · · + sl. If ϕ is a representation of a Borel subalgebra of the
quantum loop algebra Uq(L(sll+1)), we have only one of the above equations.
In our case, starting from the representations θa and θa we define the families (θa)ζ
and (θa)ζ as
(θa)ζ = θa ◦ Γζ , (θa)ζ = θa ◦ Γζ .
The vectors v
(a)
m and v
(a)
m are ℓ-weight vectors for the representations (θa)ζ and (θa)ζ
as well. We use for the corresponding ℓ-weights the notation determined by the equa-
tions
(θa)ζ(φ
+
i (u)) v
(a)
m = θa(φ
+
i (ζ
su)) v
(a)
m = Ψ
+
i,m, a(u) v
(a)
m ,
(θa)ζ(φ
+
i (u)) v
(a)
m = θa(φ
+
i (ζ
su)) v
(a)
m = Ψ
+
i,m, a(u) v
(a)
m ,
where we take into account the first equation of (4.7). The corresponding elements of
h∗ are denoted as λm, a and λm, a.
4.1. Representations θa.
4.1.1. θa : a = 1. By putting a = 1 in (4.2)–(4.5), we come to the homomorphism ρ1
given by the following relations:
ρ1(q
νh0) = q
−ν(2Nl+∑
l−1
j=1 Nj), ρ1(q
νh1) = qν(2N1+∑
l
j=2 Nj),
ρ1(q
νhi) = qν(Ni−Ni−1), i = 2, . . . , l,
ρ1(e0) = −κ
−1
q bl q
Nl , ρ1(e1) = b
†
1 q
∑
l
j=2 Nj ,
ρ1(ei) = −bi−1 b
†
i q
Ni−1−Ni−1, i = 2, . . . , l.
It is easy to see that
λm, 1 = −
(
2m1 +
l
∑
j=2
mj + l + 1
)
ω1 −
l
∑
i=2
(mi −mi−1)ωi. (4.8)
Here and below ωi ∈ h
∗, i ∈ I, are the fundamental weights defined by the relations
〈ωi, hj〉 = δij, j ∈ I.
Using equation (2.14), we calculate
ρ1(eδ−α1) = −κ
−1
q b1 q
∑
l
j=1 Nj+l−1
and therefore, from (2.20) for γ = α1, we obtain
ρ1(e
′
δ, α1
) = −κ−1q
(
1− [2]q q
2N1+1
)
q
2∑lj=2 Nj+l.
Further, from the first relation of (2.21) for γ = α1 we subsequently derive
ρ1(eα1+nδ) = (−1)
n b†1 q
2nN1+(2n+1)∑
l
j=2 Nj+2n+nl, n ∈ Z+,
and so, the first relation from (2.24) implies
ρ1(e
′
nδ, α1
) = κ−1q (−1)
n
(
[n]q q
−2N1−1− [n+ 1]q
)
q
n(2∑lj=1 Nj+l+1), n ∈ N.
OSCILLATOR VERSUS PREFUNDAMENTAL REPRESENTATIONS II. ARBITRARY HIGHER RANKS 17
Then, seeing from (2.33) that o1 = 1, we obtain from (2.31) the relation
ρ1(φ
+
1 (u)) = q
2N1+∑
l
j=2 Nj
(
1− q2∑
l
j=2 Nj+l u
)
×
(
1− q2∑
l
j=1 Nj+l u
)−1 (
1− q2∑
l
j=1 Nj+l+2 u
)−1
. (4.9)
Now, composing ρ1 with χ
− up to the representation θ1 just according to (4.6), we
obtain from (4.9) the following equation:
φ+1 (u) v
(1)
m =
q
−2m1−∑
l
j=2mj−l−1(1− q−2∑
l
j=2mj−l+2 u)
(1− q−2∑
l
j=1mj−l u)(1− q−2∑
l
j=1mj−l+2 u)
v
(1)
m .
Further, from (2.15)–(2.16) we obtain
ρ1(eδ−αi) = (−1)
i bi b
†
i−1 q
2∑lj=i Nj+l−i, i = 2, . . . , l,
and consequently
ρ1(e
′
δ, αi
) = (−1)i κ−1q
(
1− [2]q q
2Ni+1 + q2Ni−1+2Ni+2
)
q
2∑lj=i+1 Nj+l−i+1.
Using again the first relation from (2.21), we subsequently derive the equation
ρ1(eαi+nδ) = −(−1)
ni bi−1 b
†
i q
Ni−1−Ni−1+2n∑
l
j=i Nj+n(l−i+3), n ∈ Z+,
and hence,
ρ1(e
′
nδ, αi
) = −(−1)ni κ−1q
(
[n− 1]q q
2Ni−1−2Ni
− [n]q
(
q2Ni−1+1 + q−2Ni−1
)
+ [n+ 1]q
)
q
2n ∑lj=i Nj+n(l−i+2), n ∈ N.
As a consequence, relation (2.31) gives for φ+i (u), i = 2, . . . , l, the following expression:
ρ1(φ
+
i (u)) = q
Ni−Ni−1
(
1− q2 ∑
l
j=i−1 Nj+l−i+3 u
) (
1− q2∑
l
j=i+1 Nj+l−i+1 u
)
×
(
1− q2 ∑
l
j=i Nj+l−i+3 u
)−1 (
1− q2 ∑
l
j=i Nj+l−i+1 u
)−1
.
Therefore, referring again to the representation θ1 defined by (4.6) with a = 1, we
obtain
φ+i (u) v
(1)
m = q
mi−1−mi
(1− q−2∑
l
j=i−1mj−l+i−1 u)(1− q−2∑
l
j=i+1mj−l+i+1 u)
(1− q−2∑
l
j=i mj−l+i−1 u)(1− q−2∑
l
j=imj−l+i+1 u)
v
(1)
m ,
where i = 2, . . . , l. We have the explicit expressions
Ψ+1,m, 1(u) =
q
−2m1−∑
l
j=2mj−l−1(1− q−2∑
l
j=2mj−l+2 ζs u)
(1− q−2∑
l
j=1mj−l ζs u)(1− q−2∑
l
j=1mj−l+2 ζs u)
,
and
Ψ+i,m, 1(u) = q
mi−1−mi
(1− q−2∑
l
j=i−1mj−l+i−1 ζs u)(1− q−2∑
l
j=i+1mj−l+i+1 ζs u)
(1− q−2∑
l
j=imj−l+i−1 ζs u)(1− q−2∑
l
j=i mj−l+i+1 ζs u)
for i = 2, . . . , l. Together with (4.8), they give
λ0, 1 = −(l + 1)ω1, Ψ
+
1, 0, 1(u) = q
−l−1(1− q−l ζs u)−1, Ψ+i, 0, 1(u) = 1,
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where i = 2, . . . , l. We have thus established that the representation (θ1)ζ is isomorphic
to a shifted prefundamental representation of Uq(b+).
4.1.2. θa : a = 2, . . . , l. In this case, as follows from (4.2)–(4.3) and (4.4)–(4.5), we have
the following relations defining the homomorphisms ρa for a with values from 2 to l:
ρa(q
νhi) = qν(Nl+i−a+2−Nl+i−a+1), i = 0, 1, . . . , a− 2, (4.10)
ρa(q
νha−1) = q
−ν(2Nl+∑
l−1
j=1 Nj), ρa(q
νha ) = qν(2N1+∑
l
j=2 Nj), (4.11)
ρa(q
νhi) = qν(Ni−a+1−Ni−a), i = a+ 1, . . . , l, (4.12)
ρa(ei) = −bl+i−a+1 b
†
l+i−a+2 q
Nl+i−a+1−Nl+i−a+2−1, i = 0, 1, . . . , a− 2, (4.13)
ρa(ea−1) = −κ
−1
q bl q
Nl , ρa(ea) = b
†
1 q
∑
l
j=2 Nj , (4.14)
ρa(ei) = −bi−a b
†
i−a+1 q
Ni−a−Ni−a+1−1, i = a+ 1, . . . , l. (4.15)
We determine that in this case
λm, a =
a−2
∑
i=1
(ml+i−a+2−ml+i−a+1)ωi −
l
∑
i=a+1
(mi−a+1 −mi−a)ωi
+
( l−a+1
∑
j=1
mj −
l−1
∑
j=l−a+2
mj − 2ml + l − a+ 1
)
ωa−1
−
(
2m1 +
l−a+1
∑
j=2
mj −
l
∑
j=l−a+2
mj + l − a+ 2
)
ωa. (4.16)
To find expressions for the functions Ψ+i,m, a(u) we first obtain some subsidiary rela-
tions based on equations (4.13) and (4.15). These are
ρa(eδ−α1, l−k) = ρa([eαl−k , . . . [eαl , eδ−θ]q . . .]q)
= −bl−a−k b
†
l−a+2 q
∑
l−a+1
j=l−a−k Nj−Nl−a+2+k (4.17)
for 0 ≤ k ≤ l − a − 1. Putting k = l − a− 1 and continuing with eαa from (4.14), we
obtain
ρa(eδ−α1a) = ρa([eαa , [eαa+1 , . . . [eαl , eδ−θ]q . . .]q]q)
= b†l−a+2 q
∑
l
j=1 Nj+∑
l−a+1
j=1 Nj−Nl−a+2+l−a+1, a = 2, . . . , l.
Then it follows from this relation and expression (4.14) for the image of eαa−1 immedi-
ately that
ρa(eδ−α1, a−1) = 0
and therefore,
ρa(eδ−αi) = 0, ρa(e
′
δ, αi
) = 0, i = 1, . . . , a− 2, a = 2, . . . , l.
As a consequence, we also have
ρa(e
′
nδ, αi
) = 0, i = 1, . . . , a− 2, a = 2, . . . , l,
OSCILLATOR VERSUS PREFUNDAMENTAL REPRESENTATIONS II. ARBITRARY HIGHER RANKS 19
We thus obtain that the image of φ+i (u) under the homomorphism ρa is fully deter-
mined by that of qhi , that is
ρa(φ
+
i ) = q
Nl+i−a+2−Nl+i−a+1, i = 1, . . . , a− 2, a = 2, . . . , l,
and, for the given range of i and a,
Ψ+i,m, a(u) = q
ml+i−a+2−ml+i−a+1. (4.18)
Now we consider two special cases, i = a− 1 and i = a. For the first case we obtain
ρa(eδ−αa−1) = (−1)
a b†l q
2 ∑l−a+1j=1 Nj+l−a+1,
and so,
ρa(e
′
δ, αa−1
) = −(−1)a κ−1q q
2 ∑l−a+1j=1 Nj+l−a+2.
Implementing the procedure expressed by (2.21)–(2.24), we obtain that the images un-
der the homomorphism ρa of all higher root vectors eαa−1+nδ for n > 0 vanish, and we
thus have
ρa(eαa−1+nδ) = δn,0
(
− κ−1q bl q
Nl
)
, n ∈ Z+. (4.19)
Then it follows from (4.19) that only e′δ, αa−1 survives among all e
′
nδ, αa−1
, and so, we have
ρa(e
′
nδ, αa−1
) = δn,1
(
− (−1)a κ−1q q
2∑l−a+1j=1 Nj+l−a+2
)
, n ∈ N.
Using relation (2.31) we obtain
ρa(φ
+
a−1(u)) = q
−2Nl−∑
l−1
j=1 Nj
(
1− q
2∑l−a+1j=1 Nj+l−a+2 u
)
.
Applying the map θa according to (4.6) for a = 2, . . . , l, we arrive at the formula
Ψ+a−1,m, a(u) = q
∑
l−a+1
j=1 mj−∑
l−1
j=l−a+2mj−2ml+l−a+1
(
1− q
−2∑l−a+1j=1 mj−l+a ζs u
)
. (4.20)
For the second special case, i = a, using subsidiary formula (4.17) for k = l − a− 1,
we first obtain another useful relation
ρa(eδ−αk+1, a+1) = ρa([eαk , . . . [e1 , [eαa+1 , . . . [eαl , eδ−θ]q . . .]q]q . . .]q)
= −(−1)k b1 b
†
l−a+2+k q
∑
l−a+1
j=1 Nj−∑
l−a+2+k
j=l−a+2 Nj+l−a−1,
where the integer k can take any value from 1 to a − 2. Putting here k = a − 2 and
using the image of eαa−1 under ρa from (4.14), we obtain
ρa(eδ−αa) = (−1)
a κ−1q b1 q
∑
l−a+1
j=1 Nj−∑
l
j=l−a+2Nj+l−a.
Then we obtain
ρa(e
′
δ, αa
) = (−1)a κ−1q
(
1− [2]q q
2N1+1
)
q
2∑l−a+1j=2 Nj+l−a+1.
According to (2.21)–(2.24), it gives for the image of the higher root vectors the expres-
sion
ρa(eαa+nδ) = (−1)
na b†1 q
∑
l
j=2 Nj+2n∑
l−a+1
j=1 Nj+nl−na+3n, n ∈ Z+,
and we obtain
ρa(e
′
nδ, αa
) = (−1)na κ−1q
(
[n]q q
−2N1−1− [n+ 1]q
)
q
2n ∑l−a+1j=1 Nj+n(l−a+2), n ∈ N.
Then, taking into account (2.31) and (4.11), we see that for φ+a (u) the following equa-
tion holds:
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ρa(φ
+
a (u)) = q
2N1+∑
l
j=2 Nj
(
1− q
2 ∑l−a+1j=2 Nj+l−a+1 u
)
×
(
1− q
2 ∑l−a+1j=1 Nj+l−a+1 u
)−1(
1− q
2∑l−a+1j=1 Nj+l−a+3 u
)−1
.
Therefore, in the representation θa defined by (4.6) we have
Ψ+a,m, a(u) =
q
−2m1−∑
l−a+1
j=2 mj+∑
l
j=l−a+2mj−l+a−2
(
1− q
−2∑l−a+1j=2 mj−l+a+1 ζs u
)
(
1− q
−2∑l−a+1j=1 mj−l+a−1 ζs u
) (
1− q
−2∑l−a+1j=1 mj−l+a+1 ζs u
) . (4.21)
Consider now the case i = a+ 1, . . . , l. For this case we should basically use relations
(4.12), (4.15). We first obtain
ρa(eδ−α1, i+1) = ρa
(
[eαi+1 , . . . [eαl , eδ−θ]q . . .]q
)
= −bi−a+1 b
†
l−a+2 q
∑
l−a+1
j=i−a+1 Nj−Nl−a+2+l−i−1.
Then, continuing in accordance with (2.15), we obtain the subsidiary relation
ρa(eδ−αk+1, i+1) = ρa([eαk , . . . [eα1 , [eαi+1 , . . . [eαl , eδ−θ]q . . .]q]q . . .]q)
= −(−1)k bi−a+1 b
†
l−a+2+k q
∑
l−a+1
j=i−a+1Nj−∑
l−a+2+k
j=l−a+2 Nj+l−i−1
valid for k = 1, . . . , a − 2. Putting here k = a − 2 and continuing with eαa−1 and eαa
from (4.14) we come to the formula
ρa(eδ−αa+k+1, i+1)
= ρa([eαa+k , . . . [eαa , [eαa−1 , . . . [eα1 , [eαi+1 , . . . [eαl , eδ−θ]q . . .]q]q . . .]q]q . . .]q)
= (−1)a+k+1 bi−a+1 b
†
k+1 q
∑
l−a+1
j=i−a+1Nj+∑
l−a+1
j=k+2 Nj+l−i,
valid for k = 0, 1, . . . , i− a− 1. Putting here k = i− a− 1, we obtain
ρa(eδ−αi) = (−1)
i bi−a+1 b
†
i−a q
2∑l−a+1j=i−a+1 Nj+l−i,
and consequently
ρa(e
′
δ, αi
) = (−1)i κ−1q
(
1− [2]q q
2Ni−a+1+1 + q2Ni−a+2Ni−a+1+2
)
q
2 ∑l−a+1j=i−a+2Nj+l−i+1,
both relations valid for i = a+ 1, . . . , l and a = 2, . . . , l. Respectively, we obtain
ρa(eαi+nδ) = −(−1)
ni bi−a b
†
i−a+1 q
Ni−a−Ni−a+1−1+2n ∑
l−a+1
j=i−a+1 Nj+n(l−i+3), n ∈ Z+.
The latter allows us to obtain
ρa(e
′
nδ, αi
) = −(−1)ni κ−1q
(
[n− 1]q q
2Ni−a−2Ni−a+1
− [n]q
(
q2Ni−a+1 + q−2Ni−a+1−1
)
+ [n+ 1]q
)
q
2n ∑l−a+1j=i−a+1 Nj+n(l−i+2), n ∈ N.
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Using the relation between φ+i (u) and e
′
δ, αi
(u) as given by (2.31), we obtain the follow-
ing expression:
ρa(φ
+
i (u)) = q
Ni−a+1−Ni−a
(
1− q
2∑l−a+1j=i−a+2 Nj+l−i+1 u
)(
1− q
2 ∑l−a+1j=i−a Nj+l−i+3 u
)
×
(
1− q
2∑l−a+1j=i−a+1 Nj+l−i+1 u
)−1(
1− q
2 ∑l−a+1j=i−a+1Nj+l−i+3 u
)−1
.
Recalling our definition of the representations θa in (4.6), we finally obtain
Ψ+i,m, a(u)
= qmi−a−mi−a+1
(1− q
−2∑l−a+1j=i−a mj−l+i−1 ζs u)(1− q
−2∑l−a+1j=i−a+2mj−l+i+1 ζs u)
(1− q
−2∑l−a+1j=i−a+1mj−l+i−1 ζs u)(1− q
−2∑l−a+1j=i−a+1mj−l+i+1 ζs u)
(4.22)
for all i = a+ 1, . . . , l and a = 2, . . . , l. We thus see from (4.16), (4.18), (4.20), (4.21) and
(4.22) that for a = 2, . . . , l the corresponding highest ℓ-weights are determined by the
expressions
λ0, a = (l − a+ 1)ωa−1 − (l − a+ 2)ωa,
and
Ψ+i, 0, a(u) =

1, i = 1, . . . , a− 2,
ql−a+1 (1− q−l+a ζs u), i = a− 1,
q−l+a−2 (1− q−l+a−1 ζs u)−1, i = a,
1, i = a+ 1, . . . , l.
It means that the representations (θa)ζ for a = 2, . . . , l are not prefundamental, but are
isomorphic to subquotients of tensor products of two shifted prefundamental repre-
sentations of Uq(b+).
4.1.3. θa : a = l + 1. In this case we have ρl+1 = ρ, therefore
ρl+1(q
νh0) = qν(2N1+∑
l
j=2 Nj), ρl+1(e0) = b
†
1 q
∑
l
j=2 Nj ,
ρl+1(q
νhi) = qν(Ni+1−Ni), ρl+1(ei) = −bi b
†
i+1 q
Ni−Ni+1−1,
ρl+1(q
νhl ) = q
−ν(2Nl+∑
l−1
j=1 Nj), ρl+1(el) = −κ
−1
q bl q
Nl ,
where i = 1, . . . , l − 1. Now we have
λ
m, l+1 =
l−1
∑
i=1
(mi+1−mi)ωi −
( l−1
∑
j=1
mj + 2ml
)
ωl. (4.23)
Similarly to the preceding, we obtain
ρl+1(eδ−αi) = 0, i = 1, . . . , l − 1, ρl+1(eδ−αl) = −(−1)
l b†l ,
so that,
ρl+1(e
′
δ, αi
) = 0, i = 1, . . . , l − 1, ρl+1(e
′
δ, αl
) = (−1)l κ−1q q.
Therefore, we obtain
ρl+1(1− κq e
′
δ, αi
(u)) = 1, i = 1, . . . , l − 1, ρl+1(1− κq e
′
δ,αl
(u)) = 1− (−1)l q u.
This allows us to write down the equations
ρl+1(φ
+
i (u)) = ρl+1(q
hi) = qNi+1−Ni , i = 1, . . . , l − 1,
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and
ρl+1(φ
+
l (u)) = q
−2Nl−∑
l−1
j=1 Nj (1− q u)
for the images of φ+i under ρl+1. Then, using the representation θl+1 we see that
Ψ+i,m, l+1(u) = q
mi+1−mi , i = 1, . . . , l − 1, Ψ+l,m, l+1(u) = q
−2ml−∑
l−1
j=1mj (1− q ζs u).
We obtain from (4.23) and from the last line that
λ0, l+1 = 0, Ψ
+
i, 0, l+1(u) = 1, i = 1, . . . , l − 1, Ψ
+
l, 0, l+1(u) = (1− q ζ
s u).
Therefore, we see that the representation (θl+1)ζ is isomorphic to a prefundamental
representation.
4.2. Representations θa. For the representations θa we first make the following obser-
vation:
ρa(q
νhi) = ρl−a+2(q
νhl−i+1), ρa(ei) = ρl−a+2(el−i+1)
and
v
(a)
m = v
(l−a+2)
m , a = 1, . . . , l + 1.
Applied to the relation between φ+i (u) and e
′
nδ, αi
in (2.31), this leads us immediately
to the conclusion that the functions Ψ+i,m, a(u) are related to the functions Ψ
+
i,m, a(u) as
Ψ+i,m, a(u) = Ψ
+
l−i+1,m, l−a+2(−(−1)
l u).
For the elements λm, a we have
λm, a = ι(λm, l−a+2),
where ι is a linear mapping determined by the relation
ι(ωi) = ωl−i+1.
The above relations show that, similarly as in the case of the representations (θa)ζ ,
the representation (θ1)ζ is isomorphic to a prefundamental representation, the repre-
sentation (θ l+1)ζ is isomorphic to a shifted prefundamental representation, while the
others, (θa)ζ for a = 2, . . . , l, can be realized as subquotients of tensor products of two
prefundamental representations of Uq(b+).
5. CONCLUSION
We have obtained the ℓ-weights and the corresponding ℓ-weight vectors for the q-
oscillator representations of the Borel subalgebra Uq(b+) of the quantum loop algebra
Uq(L(sll+1)) with arbitrary rank l. Here we have discovered that for all represen-
tations (θa)ζ , (θa)ζ the representation space has a basis consisting of ℓ-weight vectors.
This means that the number p in (3.1) is always equal to 1. We see that some q-oscillator
representations, namely (θ1)ζ , (θl+1)ζ and (θ1)ζ , (θ l+1)ζ , are shifted prefundamental
representations L−1, x, L
+
l, x and L
+
1, x, L
−
l, x for certain values of the parameter x, respec-
tively, and all other prefundamental representations L±i, x, i = 2, . . . , l− 1, are presented
in tensor products whose subquotients give the corresponding q-oscillator represen-
tations. Altogether, for a general higher rank case with l ≥ 2, there are 2(l + 1) q-
oscillator representations versus 2l prefundamental representations. The case of l = 1
is special. Here one has only 2 representations of both kinds [17].
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To be specific, let us gather the highest ℓ-weights obtained in sections 4.1.1, 4.1.2 and
4.1.3. Thus, for the representation (θ1)ζ we have
λ0, 1 = −(l + 1)ω1,
Ψ+i, 0, 1(u) =
{
q−l−1
(
1− q−l ζs u
)−1
, i = 1,
1, i = 2, . . . , l,
for the representations (θa)ζ with a = 2, . . . , l we have
λ0, a = (l − a+ 1)ωa−1− (l − a+ 2)ωa,
Ψ+i, 0, a(u) =

1, i = 1, . . . , a− 2,
ql−a+1
(
1− q−l+a ζs u
)
, i = a− 1,
q−l+a−2
(
1− q−l+a−1 ζs u
)−1
, i = a,
1, i = a+ 1, . . . , l,
and for the representation (θl+1)ζ we have
λ0, l+1 = 0,
Ψ+i, 0, l+1(u) =
{
1, i = 1, . . . , l − 1,
1− q ζs u, i = l.
It means that
(θ1)ζ ∼= Lξ1 ⊗ L
−
1, q−lζs
,
(θa)ζ ∼= Lξa ⊗ (L
+
a−1, q−l+aζs
⊗ L−
a, q−l+a−1ζs
), a = 2, . . . , l,
(θl+1)ζ ∼= L
+
l, q ζs .
For the definition of the operation ⊗ see section 3.1. The shifts ξa have the form
ξ1 = −(l + 1)ω1, ξa = (l − a+ 1)ωa−1 − (l − a+ 2)ωa, a = 2, . . . , l, ξl+1 = 0.
Actually, in view of the above relations, we can also write a reversed relation ex-
pressing the prefundamental representations as subquotients of tensor products of q-
oscillator representations. Explicitly we have
Lξ−i
⊗ L−i, ζs
∼= (θ1)ql+i−1ζs ⊗ (θ2)ql+i−3ζs ⊗ . . .⊗ (θi)ql−i+1ζs ,
where the elements ξ−i are defined as
ξ−i = −2
i−1
∑
j=1
ωj − (l − i+ 2)ωi,
and
Lξ+i
⊗ L+i, ζs
∼= (θi+1)ql−i−1ζs ⊗ (θi+2)ql−i−3ζs ⊗ . . .⊗ (θl+1)q−l+i−1ζs ,
with the elements ξ+i given by the equation
ξ+i = (l − i)ωi − 2
l
∑
j=i+1
ωj.
Similar relations can also be written for the representations θa. We see that anyUq(b+)-
module in the category O can be presented as a shifted subquotient of a tensor prod-
uct of q-oscillator representations. Besides, we note that the corresponding highest
ℓ-weights are as simple as those of the prefundamental representations. And in this
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sense, the q-oscillator representations are no less fundamental than the prefundamen-
tal ones.
We denote the Uq(b+)-modules corresponding to the representations θa defined in
(4.6) byWa, a = 1, . . . , l+ 1, and consider the Uq(b+)-module (W1)ζ1⊗ . . .⊗ (Wl+1)ζl+1 .
Then, the tensor product of the highest ℓ-weight vectors is an ℓ-weight vector of ℓ-
weight determined by the functions
Ψ+i (u) = q
−2 1− q
−l+i+1 ζsi+1 u
1− q−l+i−1 ζsi u
, i = 1, . . . , l.
Let now V˜λ be the representation of the whole quantum loop algebra Uq(L(sll+1))
constructed with the help of Jimbo’s homomorphism [18]. Consider its restriction to
the Borel subalgebra Uq(b+). We denote this restriction again by V˜λ. It can be shown
2
that the highest ℓ-weight of the Uq(b+)-module (V˜λ)ζ is determined by the functions
Ψ+i (u) = q
λi−λi+1
1− q2λi+1−i+1 ζs u
1− q2λi−i+1 ζs u
, i = 1, . . . , l.
We see that if
ζi = q
2(λ+ρ)i/s ζ, ρi =
l
2
− i+ 1,
where ρ denotes here the half-sum of all positive roots,
ρ =
(
l/2, l/2− 1, . . . ,−l/2
)
,
then the submodule of (W1)ζ1 ⊗ . . . ⊗ (Wl+1)ζl+1 generated by the tensor product of
the highest ℓ-weight vectors of (Wa)ζa , a = 1, . . . , l + 1, is isomorphic to the shifted
module (V˜λ)ζ [ξ], where the shift ξ is
ξ =
l
∑
i=1
(λi+1 − λi − 2)ωi.
A similar conclusion holds for θa as well. Altogether, this observation about the
connection between the highest ℓ-weights is useful for understanding the structure of
functional relations between the integrability objects.
As we have noted already, the representations (θa)ζ and (θa)ζ are used to con-
struct Q-operators which are necessary tools for the theory of quantum integrable
systems. Correspondingly, we have two sets of Q-operators, Qa(ζ) and Qa(ζ), with
a = 1, . . . , l + 1. Each Q-operator is defined as a twisted trace over the representation
space of (θa)ζ or (θa)ζ , which is in fact the representation space of l copies of the q-
oscillators. In papers [30, 31], for quantum integrable systems related to the Yangian
Y(gll+1), the complex of Q-operators QI(z), where I is an increasing set of integers
{a1, a2, . . . , ap} ⊂ {1, 2, . . . , l + 1}, was introduced. It is clear that here one has 2
l+1
Q-operators. The operator Q{a1, a2, ..., ap}(z) is constructed as a twisted trace over the
representation space of p(l + 1− p) copies of the harmonic oscillators. The operators
Q{a}(z) and Q{1, 2, ..., l+1}r{a}(z) are the limit for q → 1 of the operators Qa(ζ) and
Qa(ζ), respectively. Although, by using the appropriate functional relations, any op-
erator Q{a1, a2, ..., ap}(z) can be expressed via the operators Q{a}(z), a = 1, 2, . . . , l + 1, it
would be interesting to find deformed analogues for all operators Q{a1, a2, ..., ap}(z).
2Work in progress, to appear elsewhere.
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